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a b s t r a c t

Embryonic development is a precise and complex process involving the cell mor-
phology and mechanics interacting in space and time. The difficulty in quantitatively
acquiring cellular morphological and mechanical information in vivo makes mathe-
matical modeling a challenging problem and impedes model validation. Recently, the
three-dimensional time-lapse live imaging and delineated developmental programs in
the roundworm Caenorhabditis elegans provide an excellent platform for establishing
quantitative models. In this paper, we study two popular computational models for
multicellular systems, i.e., the phase-field model and the coarse-grained model, and
compare their performance in characterizing the cell morphologies, cell adhesion, and
cell stiffness in a real C. elegans embryo. We show that both models can capture cell–cell
contact areas and heterogeneous cell adhesion, but only the phase-field model succeeds
in inferring the heterogeneous cell stiffness by fitting cell shapes or cell–cell interface
curvatures. Moreover, we demonstrate that the phase-field model converges to the
coarse-grained model when increasing cell surface tension to dominance, obtaining a
distance-dependent isotropic intercellular force.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction

Cell morphology is generally defined as the three-dimensional (3D) distribution of a cell body, including multi-
imensional information such as the curvature and area of a cell–cell contact interface, cell shape, and its irregularity. It is a
irect outcome of intracellular (e.g., cytoskeleton and growth) and extracellular (e.g., substrate and adhesion) forces [1–4].
he cellular mechanical properties, as well as the cell morphology, are tightly associated with cell fate no matter for a
ingle cell or a cell cluster like the epidermis [5,6]. Exemplified by the cancerous cell in many circumstances, the smaller
oung’s modulus results in the high capability of deformation, migration, and invasion [7,8]. Unlike the cell morphology
hat can be acquired by in vivo imaging and automatic machine segmentation in a high-throughput way, the mechanical
roperties of a cell are much harder to measure without external disturbance to the system, in particular to the one

∗ Corresponding authors.
E-mail addresses: tangc@pku.edu.cn (C. Tang), zhangl@math.pku.edu.cn (L. Zhang).

1 These authors contributed equally to this work.
https://doi.org/10.1016/j.cnsns.2022.106966
1007-5704/© 2022 Elsevier B.V. All rights reserved.

https://doi.org/10.1016/j.cnsns.2022.106966
http://www.elsevier.com/locate/cnsns
http://www.elsevier.com/locate/cnsns
http://crossmark.crossref.org/dialog/?doi=10.1016/j.cnsns.2022.106966&domain=pdf
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
https://doi.org/10.6084/m9.figshare.21070141
mailto:tangc@pku.edu.cn
mailto:zhangl@math.pku.edu.cn
https://doi.org/10.1016/j.cnsns.2022.106966


G. Guan, X. Kuang, C. Tang et al. Communications in Nonlinear Science and Numerical Simulation 117 (2023) 106966

i
m
m
e
t

p
b
c
e
t
c
s
o
h
o
h
c
t
m

t
e
c
t
t

2

d
(

2

e
f
c
t
p
t

with numerous proliferating, moving, deforming, and differentiating cells [9–14]. While direct measurement of cellular
mechanical properties by advanced techniques like atomic force microscopy may affect the original biological activities
due to external force [15–18], indirect inference by experimental observation and mechanical model or its derived features
is an emerging strategy nowadays [19–21]. For example, Petridou et al. estimated the dynamic change of cell adhesion in
zebrafish blastoderm by analyzing the two-dimensional (2D) contact angle among neighbor cells and environmental fluid,
revealing a down-to-up manner in cell adhesion at a population level [21]. Nonetheless, it is elusive if such inference can
reach the cellular level where the adhesion, as well as other mechanical properties, might be distributed unevenly. Thus,
model selection and performance evaluation become practical problems.

Comparison of mathematical models for simulating biological scenes has been a long-term focus in applied mathemat-
cs and computational biology [22–24]. Especially, it was previously proved that the simulations of cellular or multicellular
orphology by different mechanical models have distinguishable outputs [24]. Apart from the discrepancy between
odels, quantitative estimation of the difference between simulation and experiment are largely in lack. From the
xperimental perspective, the difficulty in acquiring cellular morphological and mechanical information in vivo hampers
he model validation.

Remarkably, the advance in 3D time-lapse live imaging on C. elegans embryonic development provided an excellent
latform to check the validity of mechanical models [11,25,26]. Besides, the C. elegans embryo is an advantageous material
ecause its cell fate, cell position, cell division timing, and cellular mechanical properties are highly unique for each
ell, enabling us to check the model down to single-cell resolution [1,27–29]. The first mechanical model for C. elegans
mbryonic development used a number of interacting particles to simulate the shape of a cell, and successfully generated
he cell-arrangement patterns and cell shapes that resemble the true ones up to 4-cell stage [30,31]. However, this model
ontains many biologically-relevant parameters which are hard to measure; therefore, its development and application are
omewhat stuck in this field. Later, some researchers applied a coarse-grained model where a cell is simplified into only
ne single point, and the intercellular forces are distance-dependent. Unlike the former one, the coarse-grained model
as very few parameters but still shows good performance in recapitulating the stereotypic cell-arrangement patterns
bserved in a real embryo [20,32–35]. Recently, the phase-field model, which describes a cell with a diffusive scalar field,
as been proposed to study C. elegans embryonic morphogenesis effectively [4,36,37]. Both the phase-field model and
oarse-grained model have been developed using the in vivo data of C. elegans embryonic development. Even so, these
wo popular models have never been compared parallelly to test their performance in characterizing the cell-resolved
orphological and mechanical properties in reality.
In this paper, we perform comprehensive comparisons of the phase-field model and coarse-grained model in charac-

erizing the cell morphologies, cell adhesion, and cell stiffness by using the cell morphologies in 2- and 4-cell C. elegans
mbryos as a reference, which have been documented publicly [11]. The computational results show that both models
an capture the cell morphologies and infer the heterogeneous cell adhesion by fitting the cell–cell contact areas, but only
he phase-field model succeeds in inferring the heterogeneous cell stiffness by fitting the cell shapes. Finally, we analyze
he performance and limit of both models and explore in what conditions they will converge together.

. Model establishment

In recent years, the phase-field model and coarse-grained model are continuously optimized with experimental
ata and used for simulating and studying C. elegans embryonic cell-arrangement patterns with excellent performance
Fig. 1) [4,20,32–39]. Here, we establish the frameworks of these two models for their comprehensive comparisons.

.1. Formulation of the phase-field model

The phase-field model is a diffuse interface method and has been proved to be capable of reconstructing the C. elegans
mbryonic morphologies [4,36–38]. In this model, a cell is represented by a scalar order parameter φi (r) that ranges
rom 0 (outside of the cell) to 1 (inside of the cell), where i is the cell identity and r ∈ R3 is the 3D space variable. The
ell is governed by volume constriction, surface tension, repulsion from the eggshell, and repulsion and attraction from
he neighbor cells [4,38]. The eggshell is idealized as an ellipsoid in which the three axes are parallel to the x (anterior–
osterior, A–P), y (left–right, L–R), and z (dorsal–ventral, D–V) axes of the rectangular coordinate system, respectively;
he regions |y| > wmax are cut off to resemble the artificial lateral compression during in vivo imaging [11].

The phase-field function of the eggshell is given by:

φe =

1 + tanh d(x,y,z)
√
2ϵ

2
, (1)

where ϵ =

√
2

20 controls the boundary width of the eggshell; d(x, y, z) is the distance of a point (x, y, z) in space to the
eggshell and reads:

d (x, y, z) = min

⎧⎨⎩
√x2 +

L2x/A−P

L2y/L−R
y2 +

L2x/A−P

L2z/D−V
z2 − LA−P, |y| − wmax

⎫⎬⎭ , (2)
2
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Fig. 1. Typical embryonic morphologies during 2- to 8-cell C. elegans development. Regarding the in vivo imaging (1st row) and automatic
egmentation (2nd row), the 2- to 4-cell morphologies are obtained from [4] and the 6- to 8-cell morphologies are obtained from [11]; a scalar bar
f 10 µm is plotted at the bottom right of each in vivo image; the automatic segmentation is executed with CShaper [11]. The 3rd and 4th rows
how the in silico embryonic morphologies reconstructed by the phase-field model and coarse-grained model respectively.

here Lx/A−P = 27.7846 µm, Ly/L−R = 14.7022 µm, Lz/D−V = 18.3778 µm are the lengths of the ellipsoid’s semimajor
xes and wmax = 10.1188 µm; the value assignments above are obtained from experimental data (the details of the
ggshell setting are given in Appendix A). Note that φe = 1 and φe = 0 represent the outside and inside of the eggshell
espectively.

Two fundamental equations lay a foundation for the phase-field model that consists of N cells in the space Ω:

A. The cell volume is controlled to be constant over time by limiting the relative error between simulated and
experimental volumes:

F volume = M
[∫

Ω
φidr

Vi (t)
− 1

]
n, (3)

where M = 8 denotes the strength of the volume constriction; Vi (t) is the designated volume at time point t; n is
the unit vector perpendicular to the cell boundary and pointing inward the cell.

B. A repulsive force is imposed between cells and between cells and the eggshell, to prevent the overlap among
different phase fields:

F repulsion =

⎛⎝gφi

N∑
j̸=i

φ2
j + geφiφ

2
e

⎞⎠ ∇φi

|∇φi|
2 , (4)

where g = 1.6 and ge = 16 denotes the strength of the repulsive force between cells and between cells and the
eggshell, respectively. With these forces, the phase fields of the cells and the eggshell are excluded from each other.
Furthermore, another two key mechanical forces are introduced to formulate the cellular and multicellular
mechanics:

C. Cell adhesion is described by the attractive force between two cells:

F adhesion =

N∑
j̸=i

σi,j∇φj, (5)

where σi,j is non-negative and denotes the adhesion strength between cell i and cell j; ∇ is the gradient operator.
D. Cell stiffness is represented by the cell surface tension that drives a cell to be spherical with less surface area as

well as less deformation:

F tension = −γi
[
∆φi − cW ′ (φi)

] ∇φi

|∇φi|
2 , (6)

where γi is positive and denotes the stiffness or surface tension of cell i; c = 1 controls the boundary width of
the cell; W (φi) is a double-well function that binarizes φi into 0 and 1 (W (φi) = φ2

i (φi − 1)2 and W ′ (φi) =

2φi (φi − 1) (2φi − 1)); ∆ is the Laplacian operator. Here, we consider all cells as intrinsically isotropic and their
natural shape without any external force imposed is spherical; this morphological and mechanical character is
3
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attributed to the actin filaments (i.e., F-actin) in reality, which generate the tensile force in the cell cortex and
minimize the surface area of the cell membrane and has been recognized as a key contributor to cell stiffness [8].
The effect of cell surface tension γ in generating the resistance against external force and consequent deformation
is equivalent to that of cell stiffness [38]; thereof, in this paper, we use cell surface tension to represent cell stiffness
and omit the other factors involved in cell stiffness like nuclear stiffness [40,41].

hen the system evolves in an overdamped environment as follows:
∂φi

∂t
= −

1
τ

(
F volume + F repulsion + F adhesion + F tension

)
· ∇φi, (7)

where τ = 2.62 denotes the environmental viscosity [42].
The cell boundary in the phase-field model is described as the diffusive interface where φi (r) transits from 1 to 0.

hus, the membrane area of cell i can be approximated by the area of the isosurface Γi that defines the cell boundary:

Ai =

∫
Γi

ds, (8)

where Γi =
{
r ∈ R3

⏐⏐φi (r) ≡ 0.34
}
and ds is the area of its surface element. For the contact interface between cell i and

ell j, the corresponding area Ai,j is calculated by:

Ai,j =

∫
Γi,j

ds +
∫

Γj,i
ds

2
. (9)

here Γi,j = {r ∈ Γi
⏐⏐φj (r) ≥ 0.2} is a subset of Γi and is located in the boundary of cell j.

In this paper, we set the three-dimensional grid size for phase-field simulation as 120×60×80 in the x, y, and z
irections, and the pixel resolution is 0.5 µm/pixel. These settings have been proved to be accurate enough to generate
he 1- to 8-cell C. elegans embryonic morphologies with experimentally-observed mechanical parameters [38]. Then the
ggshell and embryo are placed in the center of the grid. All the value assignments for the parameters in the phase-field
odel and the reasons for taking the values are summarized in Table S1. The iteration of the phase fields per time step is
xecuted using a second-order semi-implicit scheme coupled with a stabilization term, as described in [38]. Throughout
ll phase-field simulations in this paper, the time step is set as 0.2 unless otherwise specified, and the simulation ends
hen the root-mean-square velocity of all cell centers is beneath 1 × 10−4.

.2. Formulation of the coarse-grained model

The coarse-grained model has been developed to study C. elegans embryonic development for a decade [20,32–35,39].
he model simplifies a cell into a single point which is quantitatively described with only its three spatial coordinates.
ellular interaction is repulsive and attractive corresponding to the short and long distances between cells respectively;
f the distance between a cell and eggshell is shorter than the cell radius, the cell is subject to an additional repulsion
rienting inward the embryo. The forces above are formulated as [34]:

F i,j = γ ′

i,jei,j ·

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

−

[
di,j−

1
σi,j (Ri+Rj)

]
1

σi,j (Ri+Rj)
0 < di,j ≤

(
1+ 1

σi,j

)
(Ri+Rj)

2

[di,j−(Ri+Rj)]
1

σi,j (Ri+Rj)

(
1+ 1

σi,j

)
(Ri+Rj)

2 < di,j ≤ Ri + Rj

0 Ri + Rj < di,j

, (10)

F i,e = γeei,e ·

{
Ri − di,e 0 < di,e < Ri

0 Ri < di,e
, (11)

here Ri and Rj denote the equivalent radius of cell i and cell j, calculated with the cell volume Vi and Vj measured in vivo,

amely, Ri =
3
√

3Vi
4π and Rj =

3
√

3Vj
4π ; F i,j and F i,e denote the force imposed on cell i from cell j and eggshell; di,j and di,e

denote the distance from cell i to cell j and eggshell; ei,j and ei,e denotes the unit vector pointing from cell j and eggshell
(contact point) to cell i; regarding the contact point, the distance between cell i to all the points of eggshell is calculated,
then the contact point is determined if the shortest distance is smaller than the cell radius and the corresponding point is
where the contact is established; γe denotes the stiffness of eggshell; as the force between cells is pairwise, γ ′

i,j represents
the joint effect of the stiffness of two cells, unlike the γi in the phase-field model (Eq. (6)) which represents the stiffness
of one specific cell. σi,j still denotes the adhesion strength between cell i and cell j but is no smaller than 1; 1

σi,j

(
Ri + Rj

)
s the balance distance between cell i and cell j where the interacting force is zero.

Then the system evolves in an overdamped environment as follows:

dr i
dt

=
1
τ

⎛⎝ N∑
F i,j + F i,e

⎞⎠ . (12)

j̸=i

4
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The description of cell–cell and cell–eggshell forces by piecewise linear functions (Eqs. (10) and (11)) and the assumed
overdamped condition (Eq. (12)) have been reported to be able to well reproduce the C. elegans cell-arrangement patterns
in reality (Fig. 1) [20,32–35], but its applicability in capturing in vivo cell morphologies and inferring cellular mechanical
properties is largely unknown.

Here, we set γe = 1 to serve as the mechanical unit and τ = 1 to serve as the time unit, then the coarse-grained system
is governed by only two variables: γ ′ and σ . By fitting the coarse-grained model onto the experimental cell-arrangement
patterns at 4-, 8-, 12-, and 26-cell stages during C. elegans embryonic development, we obtain the homogeneous central
parameters γ ′

= 0.04, σ =
1

0.85 ≈ 1.18 (Appendix B). All the value assignments for the parameters in the coarse-grained
model and the reasons for taking the values are summarized in Table S1. Two requirements are necessary for filtering the
outputs of subsequent simulations: 1. the deviation between simulated and experimental cell positions must be smaller
than the equivalent cell radius, guaranteeing the correctness of cell arrangement; 2. The cell–cell contact relationship
must be correct. Using the cell positions as centers, the cell–cell contact area and cell shape are generated by Voronoi
tessellation [43–46].

3. Ground truth for C. elegans embryonic development

3.1. Cell morphologies

In a previous work [11], a total of 17 C. elegans embryos (labeled as Sample 04 to Sample 20 in the original literature)
were imaged no later than 4-cell stage at an interval of 1.39 min. The cell membrane was tagged with mCherry
(red fluorescent protein) and is subject to automatic machine segmentation, producing statistical information on cell
morphology like cell–cell contact area and cell shape (Fig. 2(A) and (B)). Here, we primarily focus on the final cell
morphologies at 4-cell stage (cell names: ABa, ABp, EMS, and P2) and use the 17 embryos to calculate the statistical
shape distribution for each cell, showing that the cell shapes are highly conserved with slight variation (Fig. 2(C)). The
reference is placed in a 120 × 60 × 80 rectangular mesh with a spatial resolution of 0.5 µm/pixel, consistent with the one
sed in the phase-field simulation. Then the distributions are merged and binarized into an average embryo, by comparing
he existence probability of each cell for each pixel (Fig. 2(D)). It should be pointed out that, the final cell morphologies at
-cell stage (cell names: AB and P1) will be explored independently later as it is only covered by two embryos (Sample 07
nd Sample 15); the 3-cell stage is completely skipped for that its duration is as small as around 2 min, near the temporal
esolution of this dataset [47,48]. The experimentally recorded 2- to 4-cell C. elegans morphodynamics in Sample 07 and
ample 15 are shown in Movies S1–S2.
Experimental measurements show that the volumes of any specific cell at the last moment of 2- and 4-cell stages are

early constant among embryos, with a coefficient variation (standard deviation over average) always smaller than 0.07
Table S2). Besides, a cell’s volume is also nearly constant during its lifespan, with a coefficient variation always smaller
han 0.02 (Table S3). Thus, for the 4-cell stage, we neglect the slight difference in cell volume among embryos and use the
xperimentally-measured average values for simulation; for either cell at the 2-cell stage, the volume is assigned with the
um of its two daughter cells’ average volumes, considering the larger sample size and the volume constancy of embryo
ver time.

.2. Cell adhesion and cell stiffness

The ground truth for the heterogeneous distribution of cell adhesion and cell stiffness is acquired according to previous
xperimental reports.

A. At 4-cell stage, the accumulation of adhesive protein (Epithelial cadherin, i.e., E-cadherin) in EMS-P2 contact is
lower than the ones in other contacts [20,29]. Such heterogeneity has been demonstrated by both fluorescence
imaging and evaluation of cell–cell distance.

B. A very recent experimental study discovered that the cell stiffness during ascidian embryonic development
oscillates like a wave over time: the cell becomes stiffer when dividing and softer in the middle of its lifespan [49].
The phenomenon is attributed to the reorganization of F-actin in the cell cortex and was demonstrated by measuring
the cell stiffness with atomic force microscopy. According to this rule, the unsynchronized cell division timings in
C. elegans embryo confer heterogeneous cell stiffness: ABa = ABp > EMS > P2 at the last moment of 4-cell stage
and AB > P1 at the last moment of 2-cell stage (Fig. 3) [28,47,48].

.3. Evaluation of variation between simulation and experiment

We utilize the experimentally-measured cell–cell contact area and cell shape to fit the parameters of cell adhesion
σ ) and cell stiffness (γ or γ ′ ), respectively. In theory, one can obtain the proper values by minimizing the variation
i,j i i,j

5
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Fig. 2. The pipeline for collecting cell morphologies, including (A) fluorescence imaging, (B) automatic segmentation, (C) calculating statistical cell
hape, and (D) establishing an average embryo. The fluorescence images at the last time point of 4-cell stage are shown in (A), with a scale bar
epresenting 10 µm in reality; their segmented results are shown in (B); the data of both (A) and (B) are acquired from a previous dataset [11].

Fig. 3. The cell division timing of ABa, ABp, EMS, P2, and their ancestors. The data is obtained from a previous dataset [28].

etween simulation and experiment, and those values obtained should match the ground truth if the model is accurate
nough. Here, the variation of contact area between cell i and cell j is defined by:

ηi,j =

⏐⏐⏐⏐ai,j − Ai,j

ai,j

⏐⏐⏐⏐ , (13)

here ai,j denotes the experimental contact area between cell i and cell j. On the other hand, the variation of cell shape
s defined as the difference of pixels between the simulated and experimental cellular regions:

ηi =
δpi + δPi

. (14)

2pi

6
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where pi denotes the pixel number of cell i in the experimental average embryo (Fig. 2(D)); δpi is the number of the
pixels that belong to the experimental but not the simulated shape; δPi is the number of the pixels that belong to the
simulated but not the experimental shape; if there is no overlap between simulated and experimental cellular regions,
ηi = 1. Below, we used the mean variations of all cell–cell contacts (ηcontact) or all cell shapes (ηshape) to judge how well
the simulation fits the experiment.

4. Comparison between the phase-field model and coarse-grained model

Below, we will systematically scan the parameters of cell adhesion and cell stiffness and generate the cell morphologies
with the phase-field model and coarse-grained model, figuring out if those models can characterize the multicellular
morphological and mechanical properties at single-cell resolution.

4.1. Fitting the parameter of cell adhesion with the cell–cell contact area

Regarding the 4-cell stage of C. elegans development, our previous works on the phase-field model demonstrated that
the assignments of weak adhesion (σW) on EMS-P2 contact and strong adhesion (σS) on other contacts provide the smallest
mean variation of cell–cell contact areas between in vivo and in silico [4,38]. Nevertheless, it is still unknown if the low-
dimensional coarse-grained model can also reconstitute this asymmetric cell adhesion distribution by fitting the cell–cell
contact areas. Thus, we scan the σW (specified for EMS-P2 contact) and σS (specified for ABa-ABp, ABa-EMS, ABp-EMS, and
ABp-P2 contacts) in both the phase-field model and the coarse-grained model. The volumes of the 4 cells (i.e., ABa, ABp,
EMS, and P2) are inputted with the values measured experimentally (Fig. 2(B), Table S2) [11]; the cell stiffness is set as
constant for all cells in both models (γi ≡ 0.25 and γ ′

i,j ≡ 0.04) (Table S1). It turns out that the minimal ηcontact is achieved
hen σEMS,P2 = σW < σS for not only the phase-field model but also the coarse-grained model (Fig. 4(A)–(C),Movies
3–S4).
To exclude the possibility that the success of the coarse-grained model is a coincidence relying on Voronoi tessellation,

e further test another method for identifying the cell–cell contact interface and calculating its area: the cells are
pproximated as perfect spheres where the areas of their cross-sections are examined; to ensure the proper establishment
f the cross-section between cell i and cell j, we demand that the three lengths Ri, Rj, di,j form an acute triangle. This

quantitative method also outputs the optimal parameter combination σEMS,P2 = σW = 1.25 < 1.74 = σS by minimizing
ηcontact (Fig. 5(A) and (B), Movie S5), further supporting the ability of the coarse-grained model in capturing heterogeneous
cell adhesion. This result is in accordance with a previous study, in which the addition of asymmetric cell adhesion
(σABa,ABp = σABa,EMS = σABp,EMS = σABp,P2 > σEMS,P2) in the coarse-grained model is essential for reproducing the cell-
arrangement patterns found in real embryos [20]. Even though the cell is simplified into a single point, the cell–cell
distance is still monotonically decreasing with both cell adhesion and cell–cell contact area, thus the coarse-grained model
is sufficient for characterizing those features.

4.2. Fitting the parameter of cell stiffness with the cell shape

Although amplification of γi and γ ′

i,j can lengthen the distance between neighbor cells in both the phase-field model
and coarse-grained model, resembling the effect of cell stiffness, it is still unclear if the morphological output (e.g., cell
shape) matches the reality [38]. We first examine if the cell stiffness relationship γABa = γABp > γEMS > γP2 at 4-cell
stage can be inferred directly by the phase-field model (Fig. 3). In the first round of parameter scanning, we assume that
the two pairs of sister cells have differential cell stiffness, namely, γABa = γABp = γABa/ABp ̸= γEMS/P2 = γEMS = γP2. After
he biocomponent scanning on γABa/ABp and γEMS/P2 from 0.2 to 6.0 in a step of 0.1, the mean variation of cell shapes
ηshape) is minimized when ABa and ABp are harder than EMS and P2 (γABa/ABp = 1.6, γEMS/P2 = 0.2) (Fig. 6(A) and (B),
ovie S6). We further separate γEMS/P2 into γEMS and γP2 from γEMS/P2 and vary them from 0.1 to 1.5 in a step of 0.05.
he global minimum of ηshape is achieved when γEMS = 0.25, γP2 = 0.15, suggesting that P2 should be slightly softer

than EMS (Fig. 6(A) and (B), Movie S7). The cell stiffness relationship is fairly reproduced, demonstrating the power of the
phase-field model for simulating cell stiffness and cell shape.

Regarding the coarse-grained model, the binary cell stiffness relationship ABa = ABp > EMS = P2 is equivalent to the
ernary value assignments on γ ′: γ ′

ABa,ABp = γ ′

S > γ ′

ABa,EMS = γ ′

ABp,EMS = γ ′

ABp,P2 = γ ′

M > γ ′

EMS,P2 = γ ′

W. We enumerate
the three values from 0.01 to 0.1 in a step of 0.01 (the upper limit is one order of magnitude smaller than the eggshell
stiffness γe = 1). Using the Voronoi tessellation to construct cell shapes, the minimization of ηshape cannot locate the
values that obey γ ′

S > γ ′

M > γ ′

W, so the coarse-grained model fails to recapitulate the cell stiffness by fitting cell shapes
(Fig. 6 (A) and (C)).
7
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g

Fig. 4. The fitting of cell–cell contact areas at 4-cell stage by scanning cell adhesion. (A) Computational workflow for inferring heterogeneous cell
adhesion. (B) Results of the phase-field model. (C) Results of the coarse-grained model. The outputted ηcontact are illustrated by heatmaps, with the
ray dashed lines labeling the homogeneous values and the yellow points labeling the optimal values.

Fig. 5. The fitting of cell–cell contact areas at 4-cell stage by scanning cell adhesion in the coarse-grained model, where the cells are approximated
as perfect spheres and their cross-sections are used for calculating contact areas. (A) The outputted ηcontact are illustrated by heatmaps, with the
gray dashed lines labeling the homogeneous values and the yellow points labeling the optimal values. (B) The optimal embryonic morphology.
8
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Fig. 6. The fitting of cell shapes at 4-cell stage by scanning cell stiffness. (A) Computational workflow for inferring heterogeneous cell stiffness. (B)
Results of the phase-field model. (C) Results of the coarse-grained model; ‘‘×’’ means that the inference of heterogeneous cell stiffness fails. The
outputted ηshape are illustrated by heatmaps, with the gray dashed lines labeling the homogeneous values and the yellow points labeling the optimal
values.

4.3. Advantages of the phase-field model compared to the coarse-grained model

To elucidate why the phase-field model outperforms the coarse-grained model when simulating cell stiffness and cell
shape, we choose a simpler situation, the last moment of 2-cell stage, where the contact interface is protruding from
AB to P1 due to higher cell surface tension as shown in Fig. 7(A) and (D) [1,30]. Using the two embryos (Sample 07 and
Sample 15) imaged from 2-cell stage, we apply the phase-field model without cell adhesion considered (i.e., σAB,P1 = 0)
and scan both γAB and γP1 in the range from 0.1 to 3 in a step of 0.1. It is shown that the stiffness heterogeneity can
be easily inferred by minimizing ηshape, along with a curved contact interface orientating correctly (Fig. 7(B) and (E)). On
the other hand, the repulsion between two neighbor cells is governed by only one spring-like parameter (γ ′

AB,P1) in the
coarse-grained model, so the heterogenous stiffness between AB and P1 is impossible to be derived (Fig. 7(C) and (F)).
Moreover, the cell shape produced by Voronoi tessellation is always convex polyhedron so it cannot capture the interface
curvature as the phase-field model does.

The information on cell–cell interface curvature is also incorporated into the cell shape fitting at 4-cell stage (Fig. 6(A)
and (B)). Planar fitting on the five cell–cell contact interfaces shows that the coefficient of determination R2 in ABa-ABp
contact is over 0.55 while all the others are smaller than 0.14, corresponding to the similar or same stiffness in ABa
and ABp due to their synchronous lifespans (Figs. 3 and 8(A)) [28,49]. Next, we calculate the curvature radius of all the
remaining interfaces by fitting them with a sphere. The interface orientations defined by the fitted spheres obey the
ground-truth relationship ABa = ABp > EMS > P2 that can be derived with cell shape optimization in Fig. 6(A), as all the
stiffer cell protrudes toward the softer one (Fig. 8(A)–(E)). This morphological analysis indicates that the construction of
a curved cell boundary in a model is crucial for delineating cell stiffness and cell shape, explaining the outperformance
of the phase-field model in this problem. It is worth pointing out that, varying the stiffness and volume of AB and P1 at
2-cell stage reveals that with the same stiffness level, the larger cell protrudes toward the smaller one (Fig. S1 (A)); in
other words, a large cell volume can compensate for a small cell stiffness regarding the cell–cell interface curvature (Fig.
S1 (B)). Thus, the cell stiffness heterogeneity should not be inferred solely by the cell–cell interface curvature obtained
in experiment, and the phase-field model is necessarily needed for considering the effect of other morphological and
mechanical properties.

The importance of cell–cell interface curvature can be illustrated clearly by gradually strengthening the cell stiffness
in the phase-field model, which makes the cells rounder and rounder. We quantify such effect using the cell shape
9
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i
m

i

Fig. 7. The fitting of cell shapes at 2-cell stage by scanning cell stiffness. (A, D) Experimental morphologies with a scale bar representing 10 µm
n reality. (B, E) The optimal embryonic morphologies of the phase-field model. (C, F) The optimal embryonic morphologies of the coarse-grained
odel. Cell adhesion is ignored in all simulations.

Fig. 8. Cell–cell interface curvation observed in experiment. (A) Cell–cell interface and its orientation (indicated by an arrow orienting from the
inside of the fitted sphere) obtained from spherical surface fitting. The dashed line means that the ABa-ABp interface is near a plane and cannot
be fitted with a sphere faithfully. (B, C, D, E) Spherical surface fitting of the ABa-EMS, ABp-EMS, ABp-P2, and EMS-P2 interfaces obtained from
microscopic imaging and automatic segmentation. Each interface is shown with two layers of adjacent pixels that belong to the two neighbor cells
respectively. A sphere fitted to the curved interface is shown in gray and has a radius equal to the fitted curvature radius. For the two neighbor
cells forming an interface and a fitted sphere, the cell with pixels closer to the sphere protrudes toward the other one and therefore is stiffer, then
the cell stiffness obeys ABa > EMS in (B), ABp > EMS in (C), ABp > P2 in (D), and EMS > P2 in (E).

rregularity (also called the dimensionless surface-to-volume ratio) as below:

αi =
A

1
2
i
1 (15)
V 3
i

10
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Fig. 9. The scanning of homogeneous cell stiffness at 4-cell stage in the phase-field model. (A) Cell shape irregularity α over cell stiffness γ . (B)
The embryonic morphology with γ ≡ 0.125. (C) The embryonic morphology with γ ≡ 64.

which decreases over the face number of an object and has the smallest value as 2
1
3 · 3

1
3 · π

1
6 ≈ 2.199 when it is a

sphere. Using this factor, the cell shape irregularity in C. elegans embryogenesis has been reported to be lineage- and
fate-dependent and associated with cell motility [11]. Here, we set σ ≡ 0,M = 160, δt = 0.01, and uniformly vary the
cell stiffness γ at 4-cell stage in the phase-field model. As expected, the cell irregularity monotonically decreases over
the cell stiffness and approaches the theoretical minimum (Fig. 9(A)). It is worth noting that the cell shape irregularity
is distinguished even though the cell stiffness is assigned with the same value: the ABa and P2 have smaller α values
while the ones of ABp and EMS are larger. The difference is caused by their positions, where ABa and P2 are located in
the anterior and posterior poles of the embryo respectively, and each of them has only two cell–cell contact interfaces;
however, ABp and EMS at the dorsal and ventral poles have three. The difference originates from the asymmetric eggshell
shape and prismatic multicellular configuration, warning us that the environment geometry and cell position significantly
affect the cell shape irregularity, so this morphological information might be insufficient for the cell-resolved inference
of cell stiffness.

4.4. Convergence between the phase-field model and the coarse-grained model

In the previous section, we show that enhancing the cell stiffness leads the cell shape to a sphere in the phase-field
model, and this morphological effect is attributed to the diffusive cell boundary (Eq. (6)). When γ ≫ g, γ ≫ ge, γ ≫ σ ,
the effect of repulsion and attraction on cell shape becomes very small and the surface tension becomes dominant. Thus,
the cell shape turns to be spherical with increasing γ at equilibrium (Fig. 9(A)). Moreover, the cell–cell contact interface
becomes a regional overlap between cells due to strong surface tension and conserved cell volume (Fig. 9(B) and (C)).
In this limit condition, the morphological effect on the intercellular force is eliminated; in other words, the cell shape
depicted by the phase field φi degrades to a single point with its spatial coordinates corresponding to the center of the
phase field and a radius Ri, which is equivalent to the coarse-grained model (Figs. 5(B) and 9(C)). Consequently, the
intercellular force is isotropic and can be treated as a function depending on the distance between two cells and their
radii.

We then investigate the similarity of force–distance profiles between the phase-field model and coarse-grained model
in the case of γ ≫ g, γ ≫ ge, γ ≫ σ . To this end, we perform simulations of two cells with γ = 64,M = 160, δt = 0.01,
and R = 10 µm to get their spherical shapes at equilibrium. The force–distance profiles are obtained by introducing
translational displacements between the two cells’ phase fields, φi and φj, and the force exerted on cell i from cell j is
calculated by:

Fi,j =

∫
(F repulsion + F adhesion) · ∇φidr. (16)
Ω

11
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Fig. 10. The force between two cells with radii of 10 µm. (A) Results of the phase-field model with γ = 64. (B) Results of the coarse-grained model
ith γ ′

= 0.04.

The force–distance profiles show a repulsion–attraction transition depending on distance, which is consistent with the
ne in the coarse-grained model (Fig. 10 (A) and (B)) [20,34,50]. In both models, the balance distance where Fi,j = 0
hanges in response to different strengths of cell adhesion σ , so the dynamics in the phase-field model converge to the
nes in the coarse-grained model. Besides, the spring constant γ ′ that describes the cell stiffness and cell–cell repulsion in
he coarse-grained model is now equivalent to the g in the phase-field model. The convergence between the two models
ndicates that the precise description of cell morphologies is the key to characterizing cell stiffness.

. Limit of the phase-field model for reconstructing in vivo cell morphologies

.1. Refinement of the mechanical parameters under known biological knowledge

So far, a total of five mechanical parameters at 4-cell stage (i.e., σS, σW, γABa/ABp, γEMS, and γP2) are indicated by
xperimental evidence, which can be completely inferred by comparing in vivo and in silico cell morphologies using the
hase-field model (Figs. 3, 4 (A) and (B), 6 (A) and (B)). Here, we devise an iteration pipeline to refine the value assignments
=

{
σS, σW, γABa/ABp, γEMS, γP2

}
. The iteration is initialized with the final results in Fig. 6 (B), namely, σS = 1.5, σW =

.4, γABa/ABp = 1.6, γEMS = 0.25, γP2 = 0.15, and the mean variation of cell shapes (ηshape) is selected as the optimization
target. For every round of iteration, each parameter is multiplied by 0.8, 0.9, 1.0, 1.1, and 1.2 so that the sub-region around
it would be searched; consequently, 55

= 3125 groups of simulations are conducted; the parameter combination with
the minimal ηshape will be treated as the center of the scanning region in the next round of iteration. After five rounds of
iteration, we reach the optimal parameter combination: σS = 1.8, σW = 0, γABa/ABp = 1.92, γEMS = 0.125, γP2 = 0.09.

5.2. Reconstruction of severe cell deformation and exploration of new biological mechanism

Under the constraint of cell shapes, the optimization of five mechanical parameters ends in ηshape = 0.161 (Fig. 11
(A)). Next, we attempt to reconstruct the cell morphologies more precisely. First, in addition to the cell shape, we notice
that the ABa-ABp and EMS-P2 contacts have the most deviated simulated areas compared to the experimental values
(ηABa,ABp = 0.327, ηEMS,P2 = 0.702), so we introduce an assumption that the adhesion between ABa and ABp cells is even
stronger, to separate it from the other contacts. Therefore, the adhesion setting is ternary: σABa,ABp = σS > σABa,EMS =

σABp,EMS = σABp,P2 = σM > σEMS,P2 = σW. We adopt the value of 1.8 for σM and scan σS and σW again, achieving the global
minimum where σS = 5.6, σW = 0.2, ηcontact = 0.109 and the variation of each cell–cell contact area is within 0.180
(Fig. 11 (B) and (C)). Second, regarding the cell shape, the EMS cell has the largest variation (ηEMS = 0.222); compared to
the simulated structure, the real shape of EMS is much flatter (Figs. 2(D) and 11 (D)). To regenerate this phenotype, we
set the M = 40 for stronger volume constriction, γABa/ABp = 10 for higher cell stiffness, and σABa,ABp = 10 for higher cell
adhesion; then, decreasing the parameter σM can results in the flattened shape of EMS where ηEMS is lowered to 0.193
(Fig. 11(E)). Both improvements above are based on the addition of the ternary setting for cell adhesion. Interestingly,
previous experimental research in C. elegans embryonic development proposed that the cortical tension could improve
the enrichment of E-cadherin [29], while another experiment found that injection of actin inhibitor in a cell can eliminate
its adhesion [51]. Provided that, we speculate that the heterogeneous cell stiffness at 4-cell stage may contribute to a
more uneven adhesion distribution in cell–cell contacts, which molds the cell morphologies as seen in vivo and merits
urther verification.
12
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(

Fig. 11. Addition of ternary adhesion settings and shape reconstruction of EMS cell. The embryonic morphologies with binary and ternary adhesion
settings are shown in (A) and (B). (C) The parameter scanning of σABa,ABp and σEMS,P2 and the outputted mean variations of cell–cell contact areas
ηcontact) are illustrated by heatmap, with the yellow and green points labeling the optimal and original values respectively. (D) The shape difference
of EMS cell between simulation in (B) and experiment; the overlap is painted cyan, while the missing and extra regions in simulation are painted
blue and yellow respectively. (E) Embryonic morphologies with different value assignments of σM .

6. Conclusions and perspectives

Cellular morphology and mechanics play a pivotal role in all kinds of biological phenomena such as embryogenesis
and morphogenesis. Due to the complex interactions and the difficulty of quantitative measurement in experiments,
it is significantly challenging for mathematical modeling to obtain accurate cellular morphological and mechanical
information. Thanks to the advanced technology for monitoring C. elegans embryonic development, the researchers
acquired the ground truth of cell positions, cell morphologies, and force distributions to test the mechanical models.
In this paper, we comprehensively investigated two popular models, i.e. the phase-field model and the coarse-grained
model, and compared their performance in recapitulating cellular morphological and mechanical properties in reality at
single-cell resolution. On the one hand, by fitting the cell–cell contact areas in vivo and in silico, the heterogeneous cell
adhesion distribution can be derived by both models. On the other hand, the phase-field model succeeds in inferring the
heterogeneous cell stiffness but the coarse-grained model fails.

The inference method above is computationally efficient, as a phase-field simulation (in GPU) or a coarse-grained
simulation (in CPU) for 2- and 4-cell stages costs no longer than 2 min, so it could be applied to the later developmental
stages of C. elegans embryogenesis as well as other multicellular systems (Table S4) [9–11]. Further, more morphological
features (e.g., the contact angle among cell–cell interfaces) can be explored as well, and a weighted error function
incorporating multiple morphological features may help infer the mechanical properties and reconstruct the experimental
morphologies more accurately [21,52]. It should be pointed out that the spatial resolution of microscopy and segmentation
has to be high enough for depicting the morphological features of a cell, otherwise the information on mechanical
properties would be lost and not inferable; the same requirement also exists in the phase-field simulation, where the
spatial resolution of the grid has to be high enough for maintaining computational accuracy and depicting cellular
morphology [38]. In particular, for the lower heterogeneity of cell stiffness, the spatial resolution needs to be higher
so that the slight curvature in the interface between two cells can be captured both in vivo and in silico; likewise, higher
spatial resolution is needed for distinguishing the smaller difference in cell adhesion and cell–cell contact area.

Although the phase-field model is capable of characterizing both the cell adhesion and cell stiffness in reality by
minimizing the difference between in vivo and in silico cell morphologies, the mean variation of cell shapes (ηshape) keeps
larger than 0.150 throughout all simulations. Four possible reasons account for this discrepancy: 1. The shape of C. elegans
eggshell we used resembles an ellipsoid, but a recent study reported that the real one is more like a capsule, where
the curvatures of the anterior and posterior poles are much smaller. Notably, the capsule-like boundary was found to
be essential for reproducing the cell-arrangement patterns seen in vivo [37]. 2. The actual distribution of cell adhesion
and cell stiffness may be more complicated than our binary or ternary settings. Instead, the adhesion of each cell–cell
contact and the stiffness of each cell are probably different to some extent. 3. More biological processes may need to be
included for simulating the real situation, such as cytoskeleton dynamics, local constriction, cell polarization, and random
noise [53–56]. 4. The current mathematical formula does not fit reality perfectly. On the one hand, regarding cell adhesion,
the area of ABa-ABp contact in simulation is always smaller than the value measured experimentally; it is distinguishable
that the periphery of their interface almost reaches the eggshell in a live embryo, while the simulated one is dented. In
13
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the current formulation of cell adhesion (Eq. (5)), the force intensity in the interface center is relatively stronger than
the one in the periphery, which causes numerical instability, limits the value assignment of σ , and perhaps violates the
eal situation. On the other hand, regarding cell stiffness, some relevant mechanical factors beyond cell surface tension
e.g., the viscoelasticity and bending resistance of the cell cortex) might be non-ignorable for reconstructing cell shape
ore accurately and need to be incorporated in the future [57,58]. Importantly, the morphological variation can reveal the
odel performance and help answer which part of forces is described inappropriately and what kind of new mechanisms
eed to be added.
In addition to the phase-field model, we found that the coarse-grained model, which simplifies a cell into a single point,

an also infer the heterogeneous cell adhesion distribution by fitting the cell–cell contact area measured experimentally.
t is attributed to the simple rule that the contact area is positively correlated to cell adhesion and negatively correlated
o intercellular distance. Thus, we expect that the models whose complexity lies between the coarse-grained and phase-
ield ones (e.g., the vertex model and multi-particle model) are also capable of describing cell adhesion and cell–cell
ontact area as well [30,31,59,60]. On the other hand, although some models regard cell stiffness as just an antagonistic
gainst cell adhesion (with an equivalent effect in leading to a longer distance or a smaller contact area between neighbor
ells) [21], we found that the cell–cell interface curvature is substantially coupled with heterogeneous cell stiffness and
hould be considered seriously when cell shape is a focused problem. Thus, it is a considerable improvement direction for
he coarse-grained model and others to generate the curved cell–cell interface that fits the real one [61,62]. Concerning
he high computational cost of the phase-field model, it is a useful strategy to take advantage of the coarse-grained model
o roughly evaluate the cell–cell interaction first when the cell number is in dozens to hundreds; then the phase-field
odel could be employed to refine the mechanical parameters and generate the cell shapes. It is also meaningful to use

he in vivo cell morphology as ground truth and develop new agent-based physical models, whose complexity is between
he coarse-grained and phase-field ones, for instance, the vertex model and multi-particle model [30,31,63,64].
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ppendix A. Details of the eggshell setting

The eggshell is idealized as an ellipsoid with the semi-axes Lx/A−P = 27.7846 µm and Lz/D−V = 18.3778 µm,
rovided by the original literature of the experimental dataset, which searched the minimal cylindroid that encloses
he whole embryos [11]; the values of Lx/A−P and Lz/D−V have been averaged over 17 embryo samples. Considering
he artificial compression during confocal microscopy imaging, we set the other semi-axis Ly/L−R = 14.7022 µm, with
0% less than Lz/D−V, to mimic the amplified curvature of the embryo’s periphery. Besides, the regions |y| > wmax =

wmax,6−Cell+wmax,7−Cell+wmax,8−Cell
3 = 10.1188 µm are removed because of lateral compression, where wmax,6−Cell, wmax,7−Cell,

and wmax,8−Cell are the maximal distance of the cellular regions to the xz plane at 6-, 7-, and 8-cell stages, respectively.
The eggshell shape described above is termed ‘‘Eggshell Shape 1’’ in this paper.
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Fig. 12. Cell-arrangement patterns in the experiment and simulations with the coarse-grained model (γ ′
= 0.04, 1

σ
= 0.85) at 4-, 8-, 12-, and 26-cell

tages. The experimental cell positions are averaged over 46 embryo samples from [11]. The simulated cell positions are illustrated with their final
tates when in silico time = 2000.

ppendix B. Details of the coarse-grained model

To adapt the latest C. elegans embryo data and the eggshell shape (‘‘Eggshell Shape 1’’) used in this paper, we adopt
nd optimize the pipeline used before to fit the mechanical parameters in the coarse-grained model: cell adhesion σ and
ell stiffness γ ′ [34]:

A. Preliminary Test for Restoring Force: All cells are initially placed at their experimental positions and the resultant
force f imposed on each cell from its neighbors and eggshell is calculated. Then the cell position is imaginarily
translated along the orientation of f with a distance of its equivalent radius. If the cell at the new position is
subject to a resultant force f ′ that has a weight in the opposite orientation of f , the f ′ is regarded to have an effect
as a restoring force and avoid the severe deviation of cell position.
15
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B. Movement Test for Cell Position: All cells are initially placed at their experimental positions and allowed to move
for an in silico time = 2000 with a time step of 0.1. The system is requested to approach mechanical equilibrium
quickly, reaching a final root-mean-square velocity of less than 0.05. Apart, the distance between the final cell
positions and the experimental ones must be shorter than the equivalent cell radius, ensuring that the stereotypic
cell-arrangement patterns are recapitulated.

The two steps above are executed for the embryonic structures at the last moment of 4-, 8-, 12-, and 26-cell stages,
hen all the cells have separate membranes [11]. The first step filters the parameter roughly while the second step further
alidates the suitability of the parameter assignments. Both steps are first carried out on the elliptical cylinder fitted with
maging data before (termed as ‘‘Eggshell Shape 2’’) [11]. With respect to the refined parameters, they are required to
ass the movement test with the eggshell in Appendix A (‘‘Eggshell Shape 1’’) as well. We set γ ′

= 0.02 : 0.02 : 1.00
(no stiffer than the eggshell, i.e., γe = 1) and 1

σ
= 0.70 : 0.05 : 1.00 (the balance distance no longer than the sum

f cell radii, i.e., 1
σi,j

(
Ri + Rj

)
<

(
Ri + Rj

)
). Eventually, there are three sets of parameters satisfying all the criteria: 1.

γ ′
= 0.02, 1

σ
= 0.80, 0.85, 0.90; 2. γ ′

= 0.04, 1
σ

= 0.80, 0.85; 3. γ ′
= 0.06, 1

σ
= 0.85. Hence, we choose the central

values γ ′
= 0.04, 1

σ
= 0.85, whose corresponding simulation results are illustrated in Fig. 12.

ppendix C. Supplementary data

Supplementary material related to this article can be found online at https://doi.org/10.1016/j.cnsns.2022.106966.
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