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Native protein folds often have a high degree of symmetry. We study the relationship between the
symmetries of native proteins, and thdisignabilities—how many different sequences encode a
given native structure. Using a two-dimensional lattice protein model based on hydrophobicity, we
find that those native structures that are encoded by the largest number of different sequences have
high symmetry. However only certain symmetries are enhanced,xygmirror symmetry and

180° rotation, while others are suppressed. If there are many possible mutations which leave the
native state of a particular protein stable, then, by definition, the state is highly designable. Hence,
our findings imply that insensitivity to mutation implies high symmetry. It appears that the
relationship between designability and symmetry results because protein substructures are also
designable. Native protein folds may therefore be symmetric because they are composed of repeated
designable substructures. @000 American Institute of Physids§0021-960600)50842-3

I. INTRODUCTION emerging symmetries. To understand the origin of enhanced
symmetry, in Sec. IV we explore, first, the role of surface-
to-core transitions and, second, the extent to which symmet-
I folds result from the repeated use of designable substruc-
tures. For comparison, Sec. V addresses symmetry in a
model not based on hydrophobicity. Section VI is the sum-
%ary and conclusion.

The folded structures of proteins are often highly or-

have striking regularities in their tertiary organizatioh.
What is the origin of symmetry in natural proteins?

We approach this question by exploring the symmetrie
in simple lattice models of protein folding. Lattice models
for proteins have been a rich source of information on pro-
tein structure. Yue and Dillobserved certain protein-like ll. HYDROPHOBIC MODEL
secondary structures and tertiary symmetries in HP lattice |n this section, we review the hydrophobic model and
model proteins that have low degeneracies, i.e., a small numhe designabilities of structures. For more details, the reader
ber of low energy states. More recently, &i al? noticed s referred to Liet al”
that the most “designable” structures, namely those with a  The hydrophobic model is a combination of the HP
large number of sequences folding into them, also often havghodef and the solvation modélin an HP model, the twenty
global symmetries. Since the most designable structures algfifferent amino acids of proteins are replaced by two mono-
have other protein-like properties—they have sharp thermaher types, hydrophobic or polar, according to their affinities
folding transitions and are fast foldérsthe connection to  for water. Each protein is therefore a sequence of H’'s and
symmetry is intriguing. P’s. In alattice HP model, the amino acids are restricted to

In these earlier studies, no quantitative measure wafall only on the sites of a regular lattice, typically a square
used to define symmetry. Here, we explore in detail the contattice in two dimensions or a cubic lattice in three dimen-
nection between designability and global symmetry, basedions. The allowed conformations are self-avoiding, and
on a quantitative, but simple, measure of symméwyithin  hence cannot visit a single lattice site more than once.

the hydrophobic modél,we quantify the relation between Here we use a variant that we call the hydrophobic
designability and symmetry for66 compact lattice pro- model, in which only the maximally compact structures are
teins. considered as possible ground states. This simplification still

This article is organized as follows: Sec. Il reviews theallows us to capture the essence of the HP model, but with
hydrophobic model and the designabilities of structures. Inwo advantages: a substantial reduction in computational
Sec. llI, we relate symmetry to designability and identify thecost, and a conceptually useful method to represent se-
importance of the surface—core pattern to the particulafuences and structures within the same kind of abstract spa-
tial representation, described below. In the hydrophobic

dAuthor to whom correspondence should be addressed; electronic mai[.nOd_elv the energy of a compactly folded prote_:in is taken to
tang@research.nj.nec.com be simply minus the number of H monomers in the “core”
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FIG. 1. The most designable structure in the & hydrophobic model. The
16 sites in the core region, enclosed by the dashed lines, are represented by ® ®
1's; the 20 sites on the surface are represented by 0's. Hence the structure is
represented by the string 001100110000110000110011000011111100. The
structure has an approximate mirror symmetry, withxamirror symmetry FIG. 2. Schematic representation of sequences and structures as binary
score of 34, i.e., with 34 bonds superposing upon reflection. The structure istrings. Each vertex represents a possible sequence, i.e., a string of 36 0's
also highly “pleated” with 12 surface-to-core transitions. and 1's. Those vertices corresponding to structures are circled. The se-
guences lying closer to a particular structure than to any other have that
structure as their unique ground state. The designability of a structure is

(cf. Fig. 1. Therefore, in the hydrophobic model, the energytherefore the number of sequences lying entirely within the Voronoi poly-

. . . on about that structure. In cases where more than one structure has the
of an HP-protein sequence folded into a partICU|ar COmpacgame string of O’s and 1’s, i.e., the same pattern of surface-core sites, the

structure depends only on the structure’s ordering of surfacgorresponding vertices are circled twice. These structures have zero design-
and core sites. Thus, a structure can be represented byadhility.

stringsof 0’s and 1's: sites in the core region are represented

by 1's and sites on the surface are represented by 0’s, as

illustrated in Fig. 1. Sequences are also represented brelated to how far away its nearest neighbors are. The further

strings of 0's(P) and 1's(H), h=(hy,h,, . .. hy), whereh, Xway its neighbors are, the more designable it is.

. - The histogram of the number of structures vs designabil-
denotes the hydrophobicity of the monomer at posiii@i . . . s
X ity for the 6X6 hydrophobic model is shown in Fig. 3. The
the sequence. The energy of a sequence folded into a pafz , . . : . )
. . . distribution has a long tail of highly designable structures
ticular structure is therefore given by . e .
compared to a Poisson distribution with the same mean. If
N sequences were randomly assigned to structures, the result-
H=—i2 sihi, (1) ing distribution of designabilities would be Poisson. It is
clear from Fig. 3 that the structures in the tail have anoma-

wheres; is the structure string. An equivalent way of writing lously high designabilities. That is, they are unique ground

the energy is states of many more than their share of sequences.
1 N 1 N 1 N The set of sequences that design a particular structure
H==> (si—h)2—= >, st— = > hZ. (2)  form a contiguous set, that is they are related to each other
2i=1 2= 2= by point mutations.For the model we consider, a point mu-

The number of core sites is the same for all structures of the
same size, thug>s? is a constant and can be dropped. Simi- 3
larly, the last term,%Ehiz, is a constant for each sequence
and so does not influence which structure is the ground state
for that sequence. Therefore, the only relevant term is the
first term, which measures the Hamming distance between |,
the structure string and the sequence string in an £
N-dimensional Euclidean space. A sequence with sthing
will have a particular structure with string as its unique
ground state if and only ih is closer tos than to anys'
corresponding to another structure.

The designability of a structure can therefore be obtained
from the following geometric construction: Draw bisector
planes betwees and all of its neighboring structures in the DGO 0O 6 IO O o
N-dimensional space. The volume enclosed by these planes . . . .
is called the Voronoi polytope aroursd The designability of 400 600 800 1000 1200
a structure is the number of sequences lying entirely within Designability
the Voronoi polytope around that structure. This is schemati- ) S

-1G. 3. Histogram of the number of structures versus designability for the

cally represented in Fig. 2. Each vertex represents a s X6 hydrophobic model. The data is generated by sampling 6 se-

quence. Th(_)se vertices _corre_s_ponding to StrU_Ctures Alftience strings. For comparison, the solid line shows the Poisson distribution
circled. Intuitively, the designability of a structure is closely with the same average designability.

Number of struct
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FIG. 4. Averaged symmetry scores vs designability for the hydrophobic model. The data is collected into bins according to designability. Ehe tieles
average symmetry scores within a designability bin, and the error bars are the standard deviations. The horizontal lines indicate the oeeralymvesay
scores in each case. They-mirror symmetry and the 180° rotation symmetry increase with designability, as shown in ganatsd (c). The other
symmetries decrease with designability, as shown in pabgland (d).

tation is simply the replacement of a hydrophobic monomemetries as well as regular local motifs. In this study, we
“1” by a polar monomer “0,” or vice versa. It can be seen explore the connection between designability and symmetry
from Eq.(2) that if a sequench has a structureas a unique in detail. We focus on &6 2D square-lattice proteins.
ground state, then any point mutationitéhat makes it more To measure the symmetry of a structure, we look at how
similar tos will lower its energy ons by at least as much as el| that structure is preserved under rigid global transfor-
for any other structure. So the new sequeh¢emust also  mations. Specifically, the transformations are the mirror re-
haves as a unique ground state. In this way, all the se+jgctions about the/y-axes, the mirror reflections about the
quences that designcan be transformed by a series of point yq giagonal directions, and 90° and 180° rotations. The
mutations into the sequence whose string of 0's and 1's i§y ety scores for a given structure are the number of

|den_t|cal tos. This proves that_the sequences des_lgnmg a0verlapping bonds between that structure and each of its
particular structure form a contiguous set under point muta:

. S - . transformed versions. The maximum possible symmetry
tions. It also implies that for highly designable structuresSCOre for a 66 compact structure is 35
many monomers can be independently mutated without de- P '
stabilizing the native stattTherefore, the folding of the A. Hydrophobic model with centered core
sequences that design these s_tructure_s is relatl_vely insensitive We begin by studying the trends of symmetry vs des-
to mutations. One can thus think of highly designable struc- nability for the hvdrophobic model. Th mmetr ;
tures as those which remain most stable under sequence mighaotity for the hydropnobic model. The symmetry Scores,
tations. averaged over designability bins, are plotted vs the design-
ability in Fig. 4. It is observed that, on average, the
Il SYMMETRY AND DESIGNABILITY x/y-mirror symmetry(the larger of thex-mirror symmetry
: score and the-mirror symmetry scoreincreases with des-
In Li etal,*it was noted that highly designable struc- ignability [Fig. 4(@]. A similar trend is observed for 180°

tures tend to be highly symmetric, with global mirror sym- rotation symmetry, which is consistent with tlkéy-mirror
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0 region of high designability is characterized by a long talil,
Surface qualitatively similar to that of the ordinary>66 model.

400 o 0 With the core shifted to one corner, the surface—core
e do o pattern no longer has mirror symmetries about xheand
! 1 : o lo y-axes. In fact, only one diagonal mirror symmetry is left. In
! : Fig. 7, we plot the averaged symmetry scores vs designabil-
' Core ! ity for the shifted-core model. Whexd'y-mirror symmetry is
! 1! 0 0 . . . .
! : plotted vs designability there is no correlation. Instead, only
1 1 1 1. 0 Jo the diagonal-mirror symmetry which is present in the

--------------- surface—core pattern increases significantly with designabil-

FIG. 5. Shifted-core hydrophobic model. The core region is shifted to theIty [Fig. 7(@)]. o .

lower left. Only one diagonal symmetry is still present in the surface—core ~ These results indicate that the surface—core pattern is

pattern. important in determining which symmetries are favored in
highly designable structures. In both cases considered, the
preferred symmetries follow the surface—core pattern.

symmetry result since a 180° rotation is simplyamirror

operation followed by ay-mirror operation. For the other

symmetry operations, 90° rotation and diagonal mirrors, thdV- ORIGIN OF SYMMETRY

trend is reversed—nhigher designability implies lower sym-  \why s there an enhancement of symmetry for highly
metry scores for these symmetries. Thus, for the hydrophogesignable structures? Also, why are some symmetries en-
bic model, there is indeed a connection between designabihanced and not others? In this Section' we examine two pos-
ity and symmetry as previously notéddowever, different  sible origins of symmetry. First, perhaps global symmetries
symmetries behave differently with increasing designability.arise in designable structures because of a high number of
In this case, tha/y-mirror symmetry and 180° rotation sym- gsyrface-to-core transitions, or second, perhaps designable
metry are enhanced for highly designable structures. structures have global symmetries because they arise from
repeated highly designable substructures.

B. Hydrophobic model with shifted core A. Surface-to-core transitions

For the hydrophobic model, the surface—core pattern has 5 ossible candidate for the link between designability

the sg/mmetry of a squaréFig. 1). What if this is not the 54 symmetry is a local property of structures—the number
case? Does higher designability always lead to higheps o rface-to-core transitions. A surface-to-core transition

x/y-mirror symmetry scores, even when the surfacé—core . ,rs \when monoménof the chain is in the core and mono-
pattern is disrupted? To address this question, we study feri+1 is on the surface, or vice versa. Previoufshy it

s_hifted-core versior_1 of the hydrophobic model. The_ COl8yas observed that highly designable structures have an ex-
sites have been shifted to the lower cor(ig. 5. In this cess of surface-to-core transitions. The connection can be

;hifted—core mo<_jel, the energy of a compactly folded prOte_irhnderstood as follows.

is taken to be simply minus the number of H monomers in

the new off-center “core.®® The histogram of designability (1) A structure with a large number of surface-to-core tran-

for the shifted-core model is shown in Fig. 6. Again, the  sitions is difficult to rearrange without exchanging many
surface and core sites. Such structures are therefore
likely to be far from their neighbors in the space of

10° : : : : : : : : strings, and thus have a chance for high designalgdity
Fig. 2.
(2) In turn, a structure with a large number of surface-to-
Shifted-core model core transitions has a geometrical regularity which may
8 naturally lead to global symmetry. Moreover, the geo-
2 metrical regularities, and hence the enhanced global
2 symmetry, should reflect the symmetry of the surface-
2 core pattern, consistent with our results using the shifted-
o core model.
8 10 } @BO O o o0
% Comme We tested whether surface-to-core transitions form the
z © aEmmD 0 link between designability and global symmetry. We find
0 oco oD mm o that, qualitatively, both correlationd) and (2) are present,
o ) ) ) ) ) ) ) ) however, quantitatively, they fail to account for the observed
0 50 100 150 200 250 300 350 400 450 enhancement of global symmetry. To quantify the first cor-
Designability relation, the number of surface-to-core transitions averaged

FIG. 6. Histogram of the number of structures versus designability for theover structu_res O_f_a Q'Ve_” range of deslgnablhtles IS p'F’ttEd
shifted-core model. The data is generated from a random sampling of 6.89ainst d_95|gnab_|“ty in _F|9-(a) for f[he qr|g|nal hydrophobic
X 10P sequence strings. model. High designability clearly implies an enhanced num-

Downloaded 18 Oct 2012 to 162.105.23.110. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



J. Chem. Phys., Vol. 113, No. 18, 8 November 2000 Symmetry and designability for lattice protein models 8333

30 r T T r r T 30 r T T r r T
P =
5] @
£ E
S E -
@ 25} 1 @osf T ]
= S
z =2
5 5
E 20F { E 209 .
- 5 T T 1]
c C -
@] ]
g g -
£ S |+ (b)

15 L 1 1 I L . 15 L I I 1 L I

0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350
Designability Designability
35 r r r T r r 30 r r r r r r
25} i

lL

|_

(o]

x/y mirror symmetry
90" rotation symmetry

(c) (d)

20050700 150 200 250 300 350 20 50 100 150 200 250 300 350
Designability Designability

30 : : : : : :

> o

£

2

E 25

>

[75]

[ i

S

5

© 20
©

o

(e)
15 -

0 50 100 150 200 250 300 350
Designability

FIG. 7. Averaged symmetry numbers vs designability for the shifted-core model. “d1” is the diagonal-mirror symmetry preserved in the siefpattemor
“d2” is the other diagonal-mirror symmetry. The horizontal lines indicate the overall average symmetry scores in each case. The diagonahméetoyr s
“d1” increases with designability, while the other symmetries show little change.

ber of surface-to-core transitions. To demonstrate the seconuain the observed enhancement of global symmetry? In Fig.
correlation, thex/y-symmetry score averaged over structures8(c), the x/y-symmetry score is plotted against designability
with a given number of surface-to-core transitions is plottedassuming the connection between them is only through the
against the number of surface-to-core transitions in Figl.8 correlation of each with the number of surface-to-core tran-
Symmetry does increase with the number of surface-to-corsitions. Specifically, for a given designability, the corre-
transitions when the number of transitions is latge. sponding average number of surface-to-core transitions is
Is the chain of correlations from designability to surface-obtained from panela), then the corresponding average
to-core transitions to global symmetry strong enough to exx/y-symmetry score for that number of surface-to-core tran-
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0 200 400 600 800
Designability
35 - - - sitons is obtained from panel(b). The predicted
x/y-symmetry score thus obtained is then plotted against
designability. The actual/y-symmetry score vs designabil-
> - X ity from Fig. 4(a) is also plotted. We see that surface-to-core
[5] transitions account for only a fraction of the observed con-
g T nection between symmetry and designability.
@ 30t . T L] B. Designable substructures
5 o -
= T / A second possible explanation for why designable folds
E, are so symmetric ig¢a) they arise from designable substruc-
< tures, and(b) symmetries are a natural consequence of as-
A sembling anything from identical substructures.
1 ,\$\c 4 (b) The most designable structure for th& 6 hydrophobic
o5 ~ model is shown in the left half of Fig. 9. We take the right
0 f5 / 10 15 half of the 6x 6 surface-core patterfa 3xX 6 rectangle and
surface/core transitions calculate the designabilities of all possible structures for this
3X6 hydrophobic model. The most designablg @ struc-
34 - - - ture is shown in the right half of Fig. 9. Comparing the two
- structures, we see that the most designab{es 3structure is
©——>9 observed correlation very similar to one-half of the most designabl 6 struc-
3p| |#——* projected correlation 1 ture of the original model. We conclude that this 6 struc-

ture is highly designable because it is composed of two
highly designable substructures. The role of symmetry in this
case can then be understood as duplicating a winning solu-
tion.

It is not yet clear how to quantify this concept of des-
ignable substructures. Any scheme that involves breaking
. and reforming bonds, as would be necessary to relate the
structures in Fig. 9, seems arbitrary and unsatisfactory. Nev-
ertheless, a connection between designable components and
. global symmetry seems to us likely, and may have implica-
600 800 tions for understanding global symmetries in real proteins.

x/y mirror symmetry
w
o

N
(o2}

26

200
Designability

0 00

V. SYMMETRY BEYOND THE HYDROPHOBIC MODEL

FIG. 8. (a) Averaged number of surface-to-core transitions vs designability. ] - . .
The horizontal line indicates the overall averaged number of surface-to-core As a final question, we ask if the connection between

transitions.(b) Averagedx/y-symmetry score vs number of surface-to-core d€signability and symmetry is particular to models based
transitions. The horizontal line indicates the overall averaggesymmetry ~ on hydrophobicity, or whether it occurs more generally. In

score.(c) Open circles indicate the averagey-symmetry score vs design-  the hydrophobic model each structure is characterized by
ability; filled diamonds give the predictedy-symmetry score vs design-  is rdering of surface and core sites. As an alternative, we
ability if we assume the connection between symmetry and designability is . . . . .
only through the correlation of each with the number of surface-to-corecONsider a model in which each structure is characterized by

transitions. its complete contact matrix, as described below. Those
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10* . : symmetry score of 27.7. The region of few neighbors, and
hence high designability, is at the left of the figure and has
only a very slightly enhanced symmetry score with respect to
the average.

We conclude that enhanced global symmetry of design-
able structuresloes notemerge generally from models with
arbitrary interactions among amino acids. Rather, the en-
hancement of global symmetries is particular to models in
which the interaction between amino acids is dominated by
hydrophobicity*” It appears that the correlation between the
designability and symmetry of a native protein is a conse-

quence of the key role played by hydrophobic solvation, and
34r - I the approximate radial symmetries that result from it.

. il ERTR ll‘
| I ' ||
4 Ly ) IIiII 1|

number of structures

. VI. CONCLUSION

In this work, we have examined the connection between
the designability and symmetry of protein structures within
the hydrophobic model of Let al.” The designable struc-
tures, namely those which are unique ground states of many

26

averaged topsymmetry score
[\e}
[=4]

o4l (b) more than their share of sequences, had been previously
identified to have enhanced global symmetry, as well as
220 1000 5000 other protein-like attributes such as thermodynamic stability

and stability against mutatioffsTo quantify the relation be-
tween symmetry and designability we focused on the set of
FIG. 10. (a) Histogram of the number of structures vs number of neighbor-two-dimensional compact structures which fill the sites of a
ing structures within a contact-matricM) t_ilstance of 15. The maximum 6x 6 square lattice. We found that the designable structures
CM distance between any two structures is @§.Averaged top-symmetry .
scores. have strongly enhanced symmetry fafy-reflection and
180° rotation. For a related model in which the “core” is
shifted to one corner, the only enhanced symmetry was a
structures with large contact-matrix distance from theirdiagonal reflection. This indicates that the enhanced symme-
neighbors are considered to be highly designable. Within thery of the designable structures reflects a symmetry of the
contact-matrix model, the designable structutesnotshow  surface—core pattern.
significantly enhanced symmetry. To explore the origin of symmetry, we examined the

Each structure has a contact matrix for its monomersrelation between designability, number of surface-to-core
The elements of the contact matrix between monomers are ttansitions, and global symmetry. We conclude that an in-
if they are next to each other in the structure, but not adjacendrease in surface-to-core transitions among designable struc-
on the chain, and O otherwise. A compact structure igures can only account for a fraction of the observed en-
uniquely defined by its contact matrix, up to rigid rotations hancement of global symmetry. Our working hypothesis is
and inversion. Thus, contact matrices and structures are rehat the global symmetry of designable structures results
lated by a one-to-one mapping. from the repetition of designable substructures.
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