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Abstract From the first application of the Boolean
model to the cell cycle regulation network of budding
yeast, new regulative pathways have been discovered, par-
ticularly in the G1/S transition circuit. This discovery
called for finer modeling to study the essential biology,
and the resulting outcomes are first introduced in the ar-
ticle. A traditional Boolean network model set up for the
new G1/S transition circuit shows that it cannot correctly
simulate real biology unless the model parameters are fine
tuned. The deficiency is caused by an overly coarse-
grained description of the inhibitor binding process,
which shall be overcome by a two-vector model proposed
whose robustness is surveyed using random perturba-
tions. Simulations show that the proposed two-vector
model is much more robust in describing inhibitor binding
processes within the Boolean framework.

Keywords Boolean model, cell cycle, biological net-
works, inhibitor binding

1 Introduction

The rising experimental power of molecular cell biology
and the resulting accumulation of data have shifted its
focus from single genes and pathways to complex regu-
lation networks. As the complexity of the problems
increases, mathematical modeling becomes a necessary
tool. With only partial information available for network
components and interactions, modeling at coarse-grained
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and semi-quantitative levels can be considerably useful
and informative [1]. One of the most successful models
is the Boolean network [2-6], which is a discrete nonlinear
dynamic system where all network nodes take an ON/
OFF behavior similar to many actual molecular states.
The cell cycle network of budding yeast is a case in Ref.
[2], where an eleven-node Boolean network model shows
dynamic robustness of the cell cycle regulation.

As more information becomes available for networks,
the validity of previous models can be checked for modi-
fication and refinement. Take the budding yeast cell cycle
regulation network for an example. Its previously unclear
mechanisms of activation/inhibition for two transcription
factors MBF and SBF are discovered and shown to
involve inhibitor proteins Nrm1 [7] and Whi5 [8,9]. Both
pathways are located in the G1/S transition circuit, which
is part of the regulation network that deals with the tran-
sition between Gl and S phases of the cell-cycle.
Therefore, an experiment of adding new information to
the previous Boolean model of the yeast cell cycle is con-
ducted for possible improvements.

We focus on the G1/S transition circuit alone because it
can be isolated as a relatively independent functional mod-
ule. As we will show, the dynamic trajectory of the old
Boolean model for the new network fails to simulate the
actual biological process of the G1/S transition. The ana-
lysis indicates that it cannot describe the correct timing of
the inhibitor removal processes in the network, of which the
removal of Sicl-CIb5,6 binding is the most important.

We offer two solutions to this dilemma. First, we try to
simulate different timescales of the interactions, which is
similar to that in Ref. [10]. This method overcomes the
uniform timescale limit of the interactions, and can simu-
late the actual biological process with some fine-tuning of
the timescale parameters. However, this model is far from
robust against random perturbations. Therefore, a two-
vector model is proposed as the second solution. It tracks
all inhibitor binding and removal actions separately to
mimic the actual inhibitor binding-removal process.
Moreover, the new model still qualifies as a Boolean net-
work model [3], although the state space is doubled.

The dynamic robustness of both models is analyzed to
see whether they can still produce correct results when
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subjected to perturbations, with their parameter
strengths also subjected to variation as in earlier
research [2]. In addition, the interaction timescales are
randomly perturbed similar to previous work [10] to
investigate robustness from another point of view. The
results show that the two-vector model displays superior
dynamic robustness with respect to changes in para-
meter strengths as well as in timescales.

2 Boolean network model

2.1 GI1/S transition circuit

The G1/S transition circuit of budding yeast [11] is part of
its cell cycle regulation network in charge of the transition
between G1 and S phases. It consists of 8 types of pro-
teins: cyclins Cln3, Clnl,2 and Clb5,6, transcription fac-
tors MBF and SBF, and inhibitor proteins Whi5 [8,9],
Nrml [7], and Sicl [11,12]. The starting signal of the
G1/S transition is the accumulation of the G1 cyclin
CIn3. When its concentration reaches a certain threshold,
it initiates the activation of the G1/S cyclins CInl1,2 and
then the S cyclins Clb5,6 via a combination of inhibitor
removal and transcription regulation. After the S cyclins
are activated, the cell enters the S phase. Recent experi-
ments identified two new inhibitors, Whi5 [8,9] and Nrm1
[7], which are incorporated into the previous network [2].
The new network is shown in Fig. 1, where the red arrows
represent negative regulations (inhibition), the green
arrows denote positive ones (activation), and the yellow
loop represents self-degradation. The abbreviations on
each arrow account for different types of actions.

P, U

Clb5.6

Clnl,2 PU

Sicl

P,U

Fig. 1 G1/S transition circuit. The intermolecular interac-
tions involved are identified as follows: P stands for phosphor-
ylation, U ubiquitin-dependent proteolysis, T transcription, B
inhibitor binding, Exp exportation out of the nucleus
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2.2 Boolean network model

The previous Boolean network model [2] represents the
states (concentration or activity) of the 8 kinds of proteins
into an §-vector (the state vector) C(¢), and their interac-
tions into an 8 x 8 matrix (the action matrix) A; that is
independent of time:

1, if protein 7 is active at time ¢,

Ci(z):{ (1)

0, if protein i is inactive at time ¢,
1, if protein 7 activates j,
A; =4 —1,if protein i inhibits j, (2)

0, if protein i does not affect j.

The dynamics of the system is represented by a step of
matrix multiplication plus a step of Boolean decision as
follows:

1, if Z A!‘/C/(l) >0,
J

Ci+n=1{ 0 1f ;AU‘C/‘(I)<03 3)
ClL i 3 A, Ci(D)=0.
7

The resulting dynamic trajectory from START (the
activation of Cln3) is expected to eventually enter the S
phase (which is marked by activation of CIb5,6).
However, in the new network, the system stops before
the SBF has been activated (Table 1).

Table 1 Dynamics of unadjusted Boolean model

CIn3  Whi5 MBF SBF Nrml CInl,2 CIb5,6 Sicl
step 1 1 1 0 0 0 0 0 1
step 2 0 0 1 0 0 0 0 1
step 3 0 0 1 0 1 0 0 1
step 4 0 0 0 0 1 0 0 1

The system has reached a static point.

2.3 Parameter strengths that need fine tuning to
simulate activation of SBF

The result above is far from the actual biological path-
way of the G1/S transition. None of the cyclins nor the
crucial transcription factor SBF is activated. The SBF
activation is not correctly simulated because the activa-
tion by Cln3 is canceled out by the inhibition of Whi5,
which is a result of taking all the interaction strengths
(non-zero entries in the action matrix) to be unity in
Eq. (2). Successful activation of the SBF requires either
that the activation by CIn3 is stronger than the inhibi-
tion by Whi5, i.e., |44 > |A424| in the action matrix, or
that the lifetime of Cln3 has to be longer than 1, which
is the value set for all nodes with a self degradation
loop in the previous model [2].
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If we take 414 =2 and keep the other entries in the
action matrix unchanged as in Eq. (2), the following
dynamics can be obtained, where the SBF is successfully
activated but the system stops before the activation of
Clb5,6 (see Table 2).

Table 2 Dynamics of Boolean model with adjusted interaction
strengths

Cln3  Whi5 MBF SBF Nrml CInl,2 CIb5,6 Sicl
START 1 1 0 0 0 0 0 1
step 2 0 0 1 1 0 0 0 1
step 3 0 0 1 1 1 1 0 1
step 4 0 0 0 1 1 1 0 0
step 5 0 0 0 1 0 1 0 0

The system has reached a static point.

If we keep 414 =1 instead but change the lifetime of
CIn3 to be 2, the SBF can then also be activated after
the deactivation of Whi5. This suggests that modeling
different timescales of the interactions can also change
the dynamics.

2.4 Timescale differences that need simulation and fine
tuning for successful activations of Clb5,6

The foregoing result fails to reproduce the actual G1/S
transition process because the MBF shuts itself away
via the transcription of its own inhibitor Nrm1 before
Sicl, the inhibitor of Clb5,6 is removed via the SBF
pathway. This exposes the limitations of the uniform
timescale of interactions of the Boolean framework. If
we could simulate different timescales of the interac-
tions that range from milliseconds for phosphorylation
to tens of minutes for transcription and translation
[11], then the Nrml expression (which is known to be
a slow process) can be delayed after Sicl has been
removed from Clb5,6. In this way Clb5,6 can be suc-
cessfully activated.

The simulation of different reaction timescales is done
with the so-called timer mechanism. Previous work [10]
has established a similar mechanism through differential
equation considerations, but our conception of the timer
is based on discrete structures, where a variable 8-vector
Timer,(7) tracks how long the action of each type of pro-
tein (indexed by i) has been taking place, and a constant 8-
vector Threshold; marks the reaction timescales of each
protein. These actions are considered effectively executed
only after they have been persisting without interruption
for a time longer than the timescale. This mechanism is
essentially a low-pass filter, i.c., the signal has to be sus-
tained to affect dynamics. The following is the mathemat-
ical formulation:

If (Ci(£)>0) Then (Timer;(t+ 1) =Timer;(¢)+ 1),
Else (Timer;(t+1)=0), (4)
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If (Timer;(z) > Threshold;) Then (TurnOnAction(i)),
Else (TurnOffAction(i)). (5)

TurnOnAction and TurnOffAction are functions that
add or remove (change into zero) the corresponding en-
tries in the action matrix.

If we set Thershold; = 0 for all i, the model then func-
tions as if no timer mechanism were involved. Thus, the
timer mechanism is an extension inclusive of the original
model.

This timer mechanism allows us to slow down the MBF
pathway or speed up the SBF pathway by adjusting the
Threshold;. If we denote the time threshold of the MBF
transcription (Thresholds) to be 1, and the threshold of all
the other interactions to be 0, and set the interaction
strength CIn3-SBF activation 44 to be stronger than
the Whi5-SBF inhibition A24, i.e., A14 > — A24 >0 (SeCt.
2.3), we can then reproduce the original biological path-
way of the G1/S transition (Table 3).

Table 3 Dynamics of Boolean model with adjusted parameter
strengths and timescales

CIn3  Whi5 MBF SBF Nrml CInl,2 Clb5,6 Sicl
START 1 1 0 0 0 0 0 1
step 2 0 0 1 0 0 0 1
step 3 0 0 1 1 0 1 0 1
step 4 0 0 1 1 1 1 0 0
step 5 0 0 0 1 1 1 1 0
step 6 0 0 0 0 1 1 1 0
step 7 0 0 0 0 1 0 1 0

The system has reached a static point.

Similarly, if we make the lifetime of Cln3 longer,
thereby assuring the successful activation of the SBF
(Sect. 2.3), and let the transcription of the MBF be slower
than any other action, we can also reproduce the original
biological pathway of the G1/S transition. This suggests
that the timescales and the interaction strengths have an
interrelated effect on dynamics, although their effects
occasionally overlap.

2.5 Fine-tuned Boolean model with timers not robust

The Boolean model requires a significant extension (the
timer mechanism) as well as other fine-tuning measures
(in parameter strengths or Cln3 lifetime, and in inter-
action timescales) to simulate the G1/S transition process
correctly. Moreover, this fine-tuned model in Sect. 2.4 is
not robust. In the yeast cell cycle network studied in Ref.
[2], it is found that, given A4;=a, if i activates j and
A;= — b, if i inhibits j, the entire dynamics of the system
remains unchanged so long as b=a>0. In the G1/S
transition circuit in Sect. 2.3, another requirement
|A14] > |A24| for the correct activation of the SBF is pre-
sented. Thus, |4 4] —|A424| 1s a bifurcation parameter for
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the model in Sect. 2.3. In the model in Sect. 2.4, other
bifurcation parameters are introduced together with the
timer mechanism. For example, the transcription speed of
the MBF Threshold; determines whether CIb5,6 can be
successfully activated. Thresholds is not the only bifurca-
tion parameter introduced with the timer mechanism. If
the Threshold vector is such that the inhibition of CIn3
over Whi$ is faster compared with the activation of the
SBF, then the requirement |A 4] > |A»4] in Sect. 2.3 would
not be necessary for the correct transition into the S phase.

To get a general idea of the robustness of the fine-tuned
Boolean model with the timer mechanism, we randomly
perturbed Threshold; (by choosing its values from 1 to 10
with equal probability) and observed whether the model
could reproduce the correct biological pathway. The
results show that 23% of the random timescale choices
can complete the G1/S transition if ¢ =5>0 and that
50% of the random timescale choices can complete the
G1/S transition if ¢>b>0 (our model in Sect. 2.4 is
one case among these 50%). The percentages are obtained
after they have converged within 1% after 30000 random
timescale choices. Hence, it is concluded that the fined-
tuned Boolean model with the timer mechanism proposed
in Sect. 2.4 is not robust.

3 Two-vector model

3.1 A more realistic description of inhibitor binding-
removal process

Difficulty in simulating CIb5,6 activation is due to failure
to correctly describe the process of activation through
inhibitor removal. During the G1/S transition, CIb5,6
are first inhibited directly by Sicl [11,12] and then indi-
rectly by Nrm1, since Nrm1 shuts down their transcrip-
tion factor MBF [7]. Of these two inhibitors, Nrm1 is not
present at START but Sicl is. Thus, the uninhibited MBF
initiates CIb5,6 transcriptions, but the products CIb5,6 are
kept in a dormant state by their abundant inhibitors Sicl.
Meanwhile, the MBF helps to produce its own inhibitor
Nrm1 and is then shut down to stop further production of
Clb5,6. Sicl is destroyed via the Cln1,2 pathways, and the
inhibited CIb5,6 are freed to push the cell into the S phase.
The Boolean model fails to simulate this sequence of
events because it cannot distinguish between the dormant
presence of CIb5,6 and the total absence of CIb5,6, both of
which are represented by a Boolean zero in the state vec-
tor. However, these two are essentially different because
only the former responds to inhibitor removal.

To correctly depict the above-mentioned situation we
need to record both the active amount of CIb5,6 and the
inactive amount (which are bound by Sicl), or equiva-
lently both the active amount and the total amount. We
also need to distinguish between two broad classes of
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negative regulations, which are both represented by a
Boolean negative in the action matrix: the total annihila-
tion of a certain protein species and the temporary repres-
sion that can be lifted at some time later via the inhibitor
removal, such as the inhibition of CIb5,6 by Sicl. This
idea is formulated mathematically as follows.

Suppose subscripts i=1,2,3,... stand for different
types of regulative molecules. The total concentration
vector T is defined as T;= (total amount of molecule i
that exist in the cell), and the effective concentration
vector E is defined as E; = (the amount of molecule i
in the cell that is active and not bound by inhibitors).
Reversible inhibitor binding processes (the three which
involve Sicl, Nrml, and Whi5, respectively) are taken
out of the action matrix and jointly represented by the
relation matrix R.

E(1)= { 1, %f prote?n i %s jactivc.a at ti@e t, ©)

0, if protein i is inactive at time ¢.
Ti1)= { 1, if protein i exists at time ¢,
0, if protein i does not exist at time 7.

1, if protein i activates j,

A= — 1, if protein / inhibits j, (8)

/ but not via inhibtor binding,
0, if protein i does not affect ;.
R { —1, if protein i is an inhibitor which can bind to j,
Y710, otherwise.

©)

T and E take time-dependent forms 7(¢) and E(¢), while
A and R remain constant in time.
The dynamic rule is as follows:

1if 3 - AyEi(1)>0,

7
Ti(0),if Y A;E;(1)=0,

J
J
E(t+1={ % if %:RijTj(t+1)<0, (1)

0,if > R;T;(t41)=0.

7

Note that the two-vector model can be reduced to the
original Boolean model by making the action matrix the
same as the original one and the relation matrix a unity.
Thus, the two-vector model is also an extension inclusive
of the original model.

The dynamic trajectory of the two-vector model from
START correctly depicts the real biology as shown in
Table 4.

Each column stands for a protein species similar to
previous research. Each entry of a, b means that for the
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Table 4 Dynamics of two-vector model

CIn3  Whi5 MBF SBF Nrml CInl,2 CIb5,6 Sicl
START 1,1 1,1 0,0 0,1 0,0 0,0 00 L1
step 2 0,0 0,0 1,1 1,1 0,0 0,0 0,0 L1
step 3 0,0 0,0 0,1 L1 11 1,1 0,1 L1
step 4 0,0 0,0 0,1 LI L1 Il LI 00
step 5 0,0 0,0 0,1 0,0 1.1 1,1 1, 0,0
step 6 0,0 0,0 0,1 00 L1 0,0 LI 0,0

The system has reached static point.

time specified by the row number, the protein species has
an effective concentration ¢ and a total concentration b.

3.2 Dynamically robust two-vector model

Random perturbations to the interaction strengths are
applied to the two-vector model of the G1/S transition
network. Our results show that the two-vector model is
robust against all types of perturbations. It can reproduce
the biological pathway of the G1/S transition for all
choices of interaction strengths such that a,b>0. For
timescale perturbations, we employ a timer mechanism
similar to the one in Sect. 2.4, with the concentration
vector replaced by the effective concentration vector:

If (Ei(#)>0) Then (Timer;(t+ 1) =Timer;(r)+1),

Else (Timer,(t+1)=0), (12)
If (Timer,(r) > Threshold;) Then (TurnOnAction(i)),
Else (TurnOffAction(i)). (13)

It is found that the two-vector model can simulate the
biological pathway of G1/S transition for all randomly
perturbed timescales.

It is noted that a=b >0, the robustness condition in
Ref. [2] is stronger. The robustness condition for the two-
vector model a,b>0 is also the weakest possible rea-
sonable condition. The mechanism behind the superior
robustness of the two-vector model is as follows: Even if
the activation strength of Cln3 on the SBF is small com-
pared to the inhibition of Whi$, the SBF can still be acti-
vated later when Whi5 is finally suppressed by Cln3,
because the two-vector mechanism allows the SBF to be
inhibited at first and reactivated later. This is the case for
Sicl-Clb5,6 binding, where the two-vector mechanism
compensates for the limitations of uniform timescales of
the interactions. It is worth noting that the motivation of
the two-vector model has been the inhibitor binding pro-
cess of Sicl on Clb5,6 alone. That the model can capture
more of the essential mechanism of Whi5-SBF binding is
an extra bonus.

These results suggest that the two-vector model, where
inhibitor binding-removal process is better depicted, dis-
plays superior robustness against perturbations in reac-
tion strengths as well as timescales.
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4 Conclusions

Inhibitor binding-removal process is abundant in regula-
tory networks. Results show that the simplest Boolean
model with one bit information for each node may not
be able to capture this process faithfully enough to cor-
rectly model the underlying biology, at least without fine-
tuning some parameters. The two-vector model we pro-
posed is an alternative to resolving this potential problem.
When applied to the G1/S transition of yeast cell cycle
regulation, the two-vector system is much more robust
to perturbations in interaction parameters and timescales,
suggesting that it is more reliable and needs much less
detailed information about the molecular interactions
within the network.
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